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Abstract
A detailed numerical study of the Helmholtz Green’s function for the description
of scalar wave propagation through a nano-hole on a plasmonic layer is presented
here. In conjunction with this, we briefly review the analytic formulation taking the
nano-hole radius as the smallest length parameter of the system. Figures exhibiting
the numerical results for this Green’s function in various ranges of the transmission
region are presented.
PACS numbers:
1. INTRODUCTION
The transmission properties of a scalar field propagating through a nano-hole in a two-
dimensional (2D) plasmonic layer have been analyzed using a Green’s function technique in
conjunction with an integral equation formulation [1,2,3,4]. The nano-hole is taken to lie on a
plasmonic sheet (located on the plane z = 0 embedded in a three-dimensional (3D) bulk host
medium with background dielectric constant ε
(3D)
b ). In Section II of this paper, we briefly
review in some detail the analytic determination of the scalar Helmholtz Green’s function
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2with the presence of the layer in which a two-dimensional plasma is embedded. Section III
reviews the scalar Helmholtz Green’s function solution for the 2D plasmonic layer embedded
in a 3D host medium with the presence of a nano-hole aperture in the subwavelength regime.
The results of our thorough numerical analysis of the perforated layer Helmholtz Green’s
function are discussed in Section IV with illustrative figures showing results in the near,
middle and far field zones of the transmission region. Finally, conclusions are summarized
in Section V.
32. GREEN’S FUNCTION SOLUTION FOR FULL 2D PLASMONIC LAYER
EMBEDDED IN A 3D BULK HOST MEDIUM
2.1. Integral Equation for the Scalar Green’s Function and Solution
FIG. 2.1.1: (Color online) Schematic illustration of a two dimensional plasmonic layer S1 of thick-
ness d embedded at z = 0 in a three dimensional bulk meduim with dielectric constant ε
(3D)
b .
We consider a two dimensional plasmonic layer S1 to have a dynamic nonlocal 2D polariz-
ability α(2D)(~k‖, ω), located on the plane z = 0, embedded in a three dimensional bulk host
medium with background dielectric constant ε
(3D)
b (Fig.2.1.1). The associated Helmholtz
Green’s function including the two-dimensional plasmonic sheet, Gfs without a nano-hole,
satisfies the integro-differential equation (position/frequency representation)[1,2,3,4](
−~∇2 − ω
2
c2
ε
(3D)
b
)
Gfs(~r, ~r
′;ω)− ω
2
c2
∫
d3~r
′
α
(2D)
fs (~r, ~r
′′
;ω)Gfs(~r
′′
, ~r
′
;ω) = δ(3)(~r − ~r′).
(2.1.1)
The polarizability α
(2D)
fs of the full 2D plasmonic layer has the form
α
(2D)
fs (~r, ~r
′
;ω) = α
(2D)
fs (~r‖, ~r
′
‖;ω) d δ(z)δ(z
′) (2.1.2)
where d is the thickness of the plasmonic sheet, ~r = (~r‖; z) and α
(2D)
fs (~r‖, ~r
′
‖;ω) is the 2D
plasmonic polarizability of the 2D sheet; δ(z) is the Dirac delta function needed to confine
the polarizability onto the plane of the 2D layer at z = 0.
4To solve Eq. (2.1.1), we employ the bulk Helmholtz Green’s function [5]
(
−~∇2 − ω
2
c2
ε
(3D)
b
)
G3D(~r, ~r
′
;ω) = δ3D(~r − ~r′). (2.1.3)
After performing the 2D spatial Fourier transform of G3D in the plane of the translationally
invariant 2D homogeneous plasmonic sheet (~r‖ = ~r‖ − ~r′‖)
G3D(~k‖; z, z′;ω) =
∫
d2~r‖G3D(~r‖; z, z′;ω) e−i
~k‖.~r‖ , (2.1.4)
equation (2.1.3) becomes
[
∂2
∂z2
+ k2⊥
]
G3D(~k‖; z, z′;ω) = −δ(z − z′) (2.1.5)
where k2⊥ = q
2
ω − k2‖ and qω = ωc
√
ε
(3D)
b . This has the well-known solution [5]
G3D(~k‖; z, z′;ω) = −e
ik⊥|z−z′|
2ik⊥
. (2.1.6)
Employing G3D(~r, ~r
′
;ω), Eq. (2.1.1) can be conveniently rewritten as an inhomogeneous
integral equation as follows:
Gfs(~r, ~r
′
;ω) = G3D(~r, ~r
′
;ω) +
ω2
c2
∫
d3~r
′′
∫
d3~r
′′′
G3D(~r, ~r
′′
;ω)α2Dfs (~r
′′
, ~r
′′′
;ω)Gfs(~r
′′′
, ~r
′
;ω).
(2.1.7)
Introducing Eq. (2.1.2) in Eq. (2.1.7) and Fourier transforming the resulting equation in the
lateral plane of translational invariance (~r‖ − ~r′‖ → ~k‖), we obtain
Gfs(~k‖; z, z
′
;ω) = G3D(~k‖; z, z
′
;ω) +
ω2 d
c2
G3D(~k‖; z, 0;ω)α
(2D)
fs (
~k‖;ω)Gfs(~k‖; 0, z
′
;ω).
(2.1.8)
Solving for Gfs(~k‖; 0, z
′
;ω) algebraically, we obtain
Gfs(~k‖; z, z
′
;ω) = G3D(~k‖; z, z
′
;ω) +
ω2 d
c2
G3D(~k‖; z, 0;ω)α
(2D)
fs (
~k‖;ω)G3D(~k‖; 0, z
′
;ω)
1− ω2
c2
dα
(2D)
fs (
~k‖;ω)G3D(~k‖; 0, 0;ω)
,
(2.1.9)
and using Eq. (2.1.6), this leads to the full sheet Green’s function as
5Gfs(~k‖; z, z′;ω) = −e
ik⊥|z−z′|
2ik⊥
+
γeik⊥(|z|+|z
′|)
2ik⊥(2ik⊥ + γ)
, (2.1.10)
where
γ = ω2 dα
(2D)
fs (
~k‖;ω)/c2. (2.1.11)
Our analysis (below) of the Green’s function in the presence of an aperture will be seen
to devolve upon the evaluation of Gfs(~r, ~r
′′; z, z′′;ω) at the aperture position ~r ′′ = 0, z′′ = 0
in position representation as given by
Gfs(~r‖, 0; z, 0;ω) =
1
(2pi)2
∫
d2~k‖ei
~k‖.~r‖Gfs(~k‖; z, 0;ω) (2.1.12)
where
Gfs(~k‖; z, 0;ω) = − e
ik⊥|z|
2ik⊥ + γ
, (2.1.13)
so that
Gfs(~r‖, 0; z, 0;ω) = − 1
4ipi
∫ ∞
0
dk‖
k‖J0(k‖r‖)eik⊥|z|
k⊥ +
γ
2i
. (2.1.14)
Noting Eq. (2.1.11) and employing the 2D polarizability of the layer as [6]
α
(2D)
fs (
~k‖;ω) =
(
2piie2n2D
m∗ω2
)√
q2ω − k2‖ (2.1.15)
(n2D is the 2D equilibrium density on the sheet, m
∗ is the effective mass and µ = pie
2dn2D
m∗c2 ),
we have
Gfs(~r‖, 0; z, 0;ω) = −
1
4ipi[1 + µ]
∫ ∞
0
dk‖k‖J0(k‖r‖)e
i|z|
√
q2ω−k2‖√
q2ω − k2‖
.
(2.1.16)
The k‖ - integral of Eq. (2.1.16) is readly evaluated as[7]
Gfs(~r‖, 0; z, 0;ω) =
1
4pi[1 + µ]
e
i qω
√
r2‖+|z|2√
r2‖ + |z|2
. (2.1.17)
63. GREEN’S FUNCTION SOLUTION FOR A PERFORATED 2D PLASMONIC
LAYER WITH A NANO-HOLE EMBEDDED IN A 3D BULK HOST MEDIUM
3.1. Integral Equation: Scalar Helmholtz Green’s Function for a Perforated
Plasmonic Layer
FIG. 3.1.1: (Color online) Schematic representation of a perforated 2D plasmonic layer (thickness
d, embedded at z = 0 in a three dimensional bulk meduim) with a nano-hole of radius R at the
origin of the (x− y)-plane.
We consider a 2D plasmonic layer S1 which is perforated by a nano-scale aperture S2 of radius
R, as depicted in Fig.3.1.1, lying in the (x − y)-plane. The presence of the nano-hole in the
layer is represented by subtracting the part of the polarizability associated with the hole from the
polarizability of the full layer, (Fig.3.1.1)[1,2,3,4]
α(2D)(~r, ~r
′
;ω) = α
(2D)
fs (~r, ~r
′
;ω)− α(2D)h (~r, ~r
′
;ω) (3.1.1)
where α
(2D)
h (~r, ~r
′
;ω) is the part of the layer polarizability removed by the nano-hole. The resulting
Green’s function for the perforated plasmonic layer with the hole satisfies the integral equation
given by
G(~r, ~r
′
;ω) = Gfs(~r, ~r
′
;ω)− ω
2
c2
∫
d3~r
′′
∫
d3~r
′′′
Gfs(~r, ~r
′′
;ω)× α2Dh (~r
′′
, ~r
′′′
;ω)G(~r
′′′
, ~r
′
;ω).
(3.1.2)
7Here, the polarizability of the nano-hole is defined as [8,9]
α
(2D)
h (~r, ~r
′
;ω) = α
(2D)
fs (x, y, x
′
, y
′
;ω)η+(R− |x|)η+(R− |y|)η+(R− |x′ |)η+(R− |y|′)d δ(z)δ(z′),
(3.1.3)
where η+(R − |x|) is the Heaviside unit step function representing a cut-off imposed to confine
the integration range on the 2D sheet to the nano-hole dimensions; and the Dirac delta function
δ(z) is needed to localize the polarizability onto the plane of the 2D plasmonic layer. A simple
approximation of Eq. (3.1.3) for very small radius leads to (A represents the area of the aperture)
α
(2D)
h (~r, ~r
′
;ω) ≈ A2α(2D)fs (~r‖, ~r‖
′
;ω)δ2D(~r‖)δ2D(~r‖
′
)dδ(z)δ(z′), (3.1.4)
and employing it in Eq. (3.1.2) to execute all positional integrations, we obtain
G(~r‖, ~r‖
′
; z, z
′
;ω) ≈ Gfs(~r‖, ~r‖
′
; z, z
′
;ω)− β Gfs(~r‖, 0; z, 0;ω)G(0, ~r‖
′
; 0, z
′
;ω),
(3.1.5)
where β = γA2 with γ = ω
2d
c2
α2Dfs ([~r‖ = 0] − [~r
′
‖ = 0];ω). To solve Eq. (3.1.5), we set ~r‖ = 0 and
z = 0, and determine G(0, ~r‖
′
; 0, z
′
;ω) as
G(0, ~r‖
′
; 0, z
′
;ω) =
Gfs(0, ~r‖
′
; 0, z
′
;ω)
1 + β Gfs(0, 0; 0, 0;ω)
. (3.1.6)
Substituting Eq. (3.1.6) into Eq. (3.1.5) yields the algebraic closed form analytic solution:
G(~r‖, ~r
′
‖; z, z
′
;ω) ≈ Gfs(~r‖, ~r
′
‖; z, z
′
;ω)−
βGfs(~r‖, 0; z, 0;ω)Gfs(0, ~r
′
‖; 0, z
′
;ω)
1 + βGfs([~r‖ = 0]− [~r′‖ = 0]; z = 0, z′ = 0;ω)
.
(3.1.7)
Noting that a transmitted scalar wave is controlled by G(~r‖, 0; z, 0;ω) , we have analyzed
this quantity setting ~r
′
‖ = 0 and z
′
= 0 in Eq. (3.1.7), leading to
G(~r‖, 0; z, 0;ω) ≈
Gfs(~r‖, 0; z, 0;ω)
1 + βGfs([~r‖ = 0]− [~r′‖ = 0]; z = 0, z′ = 0;ω)
. (3.1.8)
Eq. (3.1.8) is an approximate analytical Green’s function solution to Eq. (3.1.2), in which
Gfs([~r‖ = 0] − [~r′‖ = 0]; z = 0, z
′
= 0;ω) is found to involve a divergent integral when all
its arguments vanish. This divergence may be seen in α
(2D)
fs and Gfs setting ~r‖ = 0, ~r
′
‖ = 0,
z = 0 and z
′
= 0 as follows:
α
(2D)
fs (0, 0;ω) =
1
2pi
(
2piie2n2D
m∗ω2
)∫ ∞
0
dk‖k‖
√
q2ω − k2‖, (3.1.9)
8and Eq. (2.1.16) is given by
Gfs(0, 0; 0, 0;ω) =
i
4pi[1 + µ]
∫ ∞
0
dk‖k‖√
q2ω − k2‖
. (3.1.10)
The divergence of α
(2D)
fs and Gfs is an artifact of limiting the radius of the aperture to be
vanishingly small (zero) in the kernel of the integral equation, Eq. (3.1.2) - Eq. (3.1.4). A
more realistic consideration involves a cut off at a small but finite radius R, alternatively an
upper limit on the wavenumber integration, k‖ ∼ 1R , yielding the convergent integrals
α
(2D)
fs (0, 0;ω) =
q3ω
2pi
(
2piie2n2D
m∗ω2
) {∫ 1
0
dyy
√
1− y2 + i
∫ 1
qω R
1
dyy
√
y2 − 1
}
(3.1.11)
and
Gfs([~r‖ = 0]− [~r
′
‖ = 0]; z = 0, z
′
= 0;ω) ≈ i qω
4pi[1 + µ]
{∫ 1
0
dy
y√
1− y2 − i
∫ 1
qωR
1
dy
y√
y2 − 1
}
,
(3.1.12)
where we have introduced the dimensionless notation y = k‖/qω, so that
k⊥ =
 qω
√
1− y2 for 0 ≤ y < 1 ;
i qω
√
y2 − 1 for y > 1 .
(3.1.13)
and the following results are obtained
α
(2D)
fs ([~r‖ = 0], [~r
′
‖ = 0];ω) ≈
1
6piR3
(
2piie2n2D
m∗ω2
) [
(qωR)
3 + i
[
1− (qωR)2
]3/2]
(3.1.14)
and
Gfs([~r‖ = 0]− [~r′‖ = 0]; z = 0, z
′
= 0;ω) ≈ 1
4pi(1 + µ)R
[
i qωR +
√
1− (qωR)2
]
, (3.1.15)
for qωR < 1 . Furthermore, substituting Eq. (3.1.14) into the expression for γ, we have
γ =
µ
3piR3
[
i ( qωR)
3 − [1− (qωR)2]3/2] (3.1.16)
with µ = pie2d n2D/(m
∗c2) .
4. NUMERICAL RESULTS
Our numerical results for the real and imaginary parts of the Green’s function in Eq.
(3.1.8), Re[G(~r‖, 0; z, 0;ω)] and Im[G(~r‖, 0; z, 0;ω)], respectively, for frequency f = 300 THz
9are presented in Figs: 4.1, 4.2 and 4.3 as functions of x and y for several values of distance
z away from the layer screen: We chose z = 50R (near-field), z = 300R (middle-field) and
z = 1000R (far-field). These figures reveal the structure of the Green’s function for the
perforated layer in terms of near-field ( z = 50R ), middle-field (z = 300R) and far-field
(z = 1000R) radiation zones for R = 5nm.
(a)   Field-Near R 50=z ; nm 5=R
R
e[
G
(x
, 
x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
y 
(n
m
)
x (nm)
(b)   Field-Near R 50=z ; nm 5=R
R
e[
G
(x
, x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
(c)   Field-Near R 50=z ; nm 5=R
Im
[G
(x
, 
x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
y 
(n
m
)
x (nm)
(d)   Field-Near R 50=z ; nm 5=R
Im
[G
(x
, x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
FIG. 4.1: (Color online) Figures (a) and (b) exhibit Re[G(~r‖, 0; z, 0;ω)] and (c) and (d) present
Im[G(~r‖, 0; z, 0;ω)] (in 3D (a, c) and density (b, d) plots) for a perforated 2D plasmonic layer of
GaAs in the presence of a nano-hole of radius R = 5nm at z = 50R (Near-Field) for εb = 1,
n2D = 4× 1015cm−2, d = 10nm and m∗ = 0.065m0 where m0 is the free-electron mass.
10
(a)   Field-Middle R 300=z ; nm 5=R
R
e[
G
(x
, 
x
’=
 0
; 
y
, 
y
’=
 0
; 
z,
 z
’=
 0
)]
 
y 
(n
m
) 
x (nm) 
(b)   Field- Middle R 300=z ; nm 5=R
R
e[
G
(x
, x
’=
 0
; y
, y
’=
 0
; z
, z
’=
 0
)]
 
(c)   Field-Middle R 300=z ; nm 5=R
Im
[G
(x
, 
x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
y 
(n
m
)
x (nm)
(d)   Field- Middle R 300=z ; nm 5=R
Im
[G
(x
, x
’=
 0
; y
, y
’=
 0
; z
, z
’=
 0
)]
FIG. 4.2: (Color online) Figures (a) and (b) exhibit Re[G(~r‖, 0; z, 0;ω)] and (c) and (d) present
Im[G(~r‖, 0; z, 0;ω)] (in 3D (a, c) and density (b, d) plots) for a perforated 2D plasmonic layer of
GaAs in the presence of a nano-hole of radius R = 5nm at z = 300R (Middle-Field) for εb = 1,
n2D = 4× 1015cm−2, d = 10nm and m∗ = 0.065m0 where m0 is the free-electron mass.
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(a)   Field-Far R 1000=z ; nm 5=R
R
e[
G
(x
, 
x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
 
y 
(n
m
) 
x (nm) 
(b)   Field-Far R 1000=z ; nm 5=R
R
e[
G
(x
, x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
 
(c)   Field-Far R 1000=z ; nm 5=R
Im
[G
(x
, 
x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
y 
(n
m
)
x (nm)
(d)   Field-Far  R 1000=z ; nm 5=R
Im
[G
(x
, x
’=
 0
; 
y,
 y
’=
 0
; 
z,
 z
’=
 0
)]
FIG. 4.3: (Color online) Figures (a) and (b) exhibit Re[G(~r‖, 0; z, 0;ω)] and (c) and (d) present
Im[G(~r‖, 0; z, 0;ω)] (in 3D (a, c) and density (b, d) plots) for a perforated 2D plasmonic layer of
GaAs in the presence of a nano-hole of radius R = 5nm at z = 1000R (Far-Field) for εb = 1,
n2D = 4× 1015cm−2, d = 10nm and m∗ = 0.065m0 where m0 is the free-electron mass.
Further detail concerning Re[G(~r‖, 0; z, 0;ω)] and Im[G(~r‖, 0; z, 0;ω)] is provided in the
figures below for the three z-radiation zones described by z = 50R (near-field), z = 300R
(middle-field) and z = 1000R (far-field):
12
(a)
  Field-Near R 50=z ; nm 5=R
Re[G(x, x'= 0; y = 0, y'= 0; z, z'= 0)]
(b)   Field-Near R 50=z ; nm 5=R
R
e
[G
(x
, 
x
’=
 0
; 
y
, 
y
’=
 0
; 
z
, 
z
’=
 0
)]Im[G(x, x'= 0; y = 0, y'= 0; z, z'= 0)]
FIG. 4.4: (a) exhibits Re[G(x, x′ = 0; y = 0, y′ = 0; z = 50R, z′ = 0;ω)] and (b) presents
Im [G(x, x′ = 0; y = 0, y′ = 0; z = 50R, z′ = 0;ω)] as a function of x for a perforated 2D plasmonic
layer of GaAs in the presence of a nano-hole of radius R = 5nm at z = 50R (Near-Field) for
εb = 1, n2D = 4× 1015cm−2, d = 10nm and m∗ = 0.065m0 where m0 is the free-electron mass.
(a)
Re[G(x, x'= 0; y = 0, y'= 0; z, z'= 0)]
R = 5 nm; z = 300 R nm (Middle – Field) (b)
Im[G(x, x'= 0; y = 0, y'= 0; z, z'= 0)]
R = 5 nm; z = 300 R nm (Middle – Field)
FIG. 4.5: (a) exhibits Re[G(x, x′ = 0; y = 0, y′ = 0; z = 300R, z′ = 0;ω)] and (b) presents
Im [G(x, x′ = 0; y = 0, y′ = 0; z = 300R, z′ = 0;ω)] as a function of x for a perforated 2D plasmonic
layer of GaAs in the presence of a nano-hole of radius R = 5nm at z = 300R (Middle-Field) for
εb = 1, n2D = 4× 1015cm−2, d = 10nm and m∗ = 0.065m0 where m0 is the free-electron mass.
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(a)
Re[G(x, x'= 0; y = 0, y'= 0; z, z'= 0)]
R = 5 nm; z = 1000 R nm (Far – Field) (b)
R
e
[G
(x
, 
x
’=
 0
; 
y
, 
y
’=
 0
; 
z
, 
z
’=
 0
)]Im[G(x, x'= 0; y = 0, y'= 0; z, z'= 0)]
R = 5 nm; z = 1000 R nm (Far– Field)
FIG. 4.6: (a) exhibits Re[G(x, x′ = 0; y = 0, y′ = 0; z = 1000R, z′ = 0;ω)] and (b) presents
Im [G(x, x′ = 0; y = 0, y′ = 0; z = 1000R, z′ = 0;ω)] as a function of x for a perforated 2D
plasmonic layer of GaAs in the presence of a nano-hole of radius R = 5nm at z = 1000R (Far-
Field) for εb = 1, n2D = 4× 1015cm−2, d = 10nm and m∗ = 0.065m0 where m0 is the free-electron
mass.
5. CONCLUDING REMARKS
In this paper we have carried out a thorough numerical analysis of the closed-form ex-
pression for the scalar Green’s function of a perforated, thin 2D plasmonic layer embedded
in a 3D host medium in the presence of a nano-hole.
Inspection of the resulting Green’s function figures shows that for large r‖ 7→ x > 2500nm
the spatial dependence of the Green’s function becomes becomes oscillatory as a function of
r‖(x) with peaks uniformly spaced. In this regard, it should be noted that our designation
of near, middle and far radiation zones is defined in terms of z-values (50R, 300R, 1000R)
alone, to the exclusion of r‖: In consequence of this exclusion, the figures actually carry
useful information for r‖(x) in all radiation zones as conventionally defined in terms of the
incident wavelength λ ∼ 2pi/qω. Furthermore, this approach to oscillatory behavior as a
function of r‖ with uniformly spaced peaks is accompanied by a geometric 1/r‖ - diminution
of the amplitude of the Green’s function. On the other hand, our far zone figures also show
that when z > r‖ = x the Green’s function flattens as a function of r‖ = x into a region of
14
constancy, which is evident in Fig.4.6.
6. APPENDIX
We consider the evaluation of the following integral [7]
I(a, b, c) =
∫ ∞
0
dx
xJ0(ax)e
ic
√
b2−x2
√
b2 − x2 =
eib
√
a2+c2
i
√
a2 + c2
. (6.1)
Setting c = 0 in Eq. (6.1) yields
I(a, b, 0) =
∫ ∞
0
dx
xJ0(ax)√
b2 − x2 =
eib a
i a
. (6.2)
Differentiating ∂2/∂c2 of Eq. (6.1), we obtain
∂2 I(a, b, c)
∂c2
=
∂2
∂c2
{∫ ∞
0
dx
xJ0(ax)e
ic
√
b2−x2
√
b2 − x2
}
=
∂2
∂c2
{
eib
√
a2+c2
i
√
a2 + c2
}
.
(6.3)
Again setting c = 0 in Eq. (6.3) after taking the second derivative, the following result is
obtained
∫ ∞
0
dx x
√
(a2 − x2)J0(x) = −(a+ i)eia. (6.4)
The first derivative of Eq. (6.1) yields
∂ I(a, b, c)
∂c
=
∂
∂c
{∫ ∞
0
dx
xJ0(ax)e
ic
√
b2−x2
√
b2 − x2
}
=
∂
∂c
{
eib
√
a2+c2
i
√
a2 + c2
}
=
∫ ∞
0
dx xJ0(ax)e
ic
√
b2−x2 = − ∂
∂c
{
eib
√
a2+c2
√
a2 + c2
}
= − ic
(
i+
√
a2 + c2
)
ei
√
a2+c2
(a2 + c2)3/2
.
(6.5)
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